We give a complete structure description of (P 5 ,gem)-free graphs. By the results of a related paper, this implies bounded clique width for this graph class. Hereby, as usual, the P 5 is the induced path with ve vertices a; b; c; d; e and four edges ab; bc; cd; de, and the gem consists of a P 4 a; b; c; d with edges ab; bc; cd plus a universal vertex e adjacent to a; b; c; d.
on this class. This paper is organized as follows:
In section 2, we give some basic graph notions and mention the concept of clique width and some basic related results. In section 3, we describe the structure of prime (P 5 ,gem)-free graphs containing 2K 2 (prime (house,co-gem)-free graphs containing C 4 ). In section 4, we describe the structure of prime (C 4 ,co-gem)-free graphs containing C 6 .
In section 5, we describe the structure of prime (C 4 ,C 6 ,co-gem)-free graphs containing C 5 .
In section 6, we summarize the obtained results in a structure theorem characterizing the (P 5 ,gem)-free graphs.
Basic notions and preliminary results
Let G = (V; E) be a nite undirected graph, and let jV j = n and jEj = m. Let for U V , a vertex not in U is adjacent to exactly k vertices in U then it is called k-vertex for U. A vertex set U V is a clique in G if the vertices in U are pairwise adjacent. The complement graph G = (V; E) of G is de ned by E = fuv : u; v 2 V; u 6 = v and uv = 2 Eg. G is also denoted by co-G. A vertex set U V is stable (independent) in G if U is a clique in G. A vertex set V 0 V is a dominating set in G, if for all vertices u 2 V n V 0 , there is a vertex v 2 V 0 such that uv 2 E. For k 1, let P k denote a chordless path with k vertices and k ? 1 edges, and for k 3, let C k denote a chordless cycle with k vertices and k edges. A hole is a C k for k 5. Figure 1 describes all possible P 4 extensions by one vertex, such as P 5 , chair, P, C 5 , bull, gem and their complements. Let F denote a set of graphs. A graph G is F-free if none of its induced subgraphs is in F. For disjoint vertex sets X and Y , the join (co-join) operation between X and Y adds all edges (non-edges) between all vertex pairs x 2 X and y 2 Y . A vertex set M V is a module in G if for all vertices x 2 V n M, x has either a join or a co-join to M. The trivial modules of G are ;; V and the singletons. A homogeneous set in G is a nontrivial module in G. A graph containing no homogeneous set is called prime. Note that the smallest prime graph with at least three vertices is the P 4 . A homogeneous set M is maximal if no other homogeneous set properly contains M. It is well-known that in a connected graph G = (V; E) with connected complement G, the maximal homogeneous sets are pairwise disjoint (see e.g. 13] ). This fact leads to the uniquely determined modular decomposition tree since every vertex of G is contained in a uniquely determined maximal homogeneous set if there is any such set containing the vertex. The leaves of the tree are the vertices of G, and the internal nodes of the tree are either join or co-join operations or prime nodes representing a prime subgraph (see e.g. 13]) obtained in the following way: The graph G obtained from graph G by
(5) (6) (7) (8)
(1) co-gem P 5 chair co-P P C 5 bull house (co-P 5 ) gem co-chair contracting every maximal homogeneous set of G to a single vertex is called the characteristic graph of G. It is well-known that if G is connected and co-connected then G is prime.
The modular decomposition tree is of basic importance for many algorithmic applications, and in 13, 8, 9] , linear time algorithms are given for determining the modular decomposition tree of an input graph. A graph is a cograph if in its modular decomposition tree, all internal nodes are join or co-join nodes i.e. the graph can be recursively constructed from single vertices by a sequence of join and co-join operations.
Cographs are exactly the P 4 -free graphs, and their modular decomposition trees were called Note that the graph A (i.e. double-gem) contains a gem (see Figure 2 ). Thus it follows that the characteristic graphs of (P 5 ,gem)-free graphs either contain a co-domino (in which case the structure turns out to be very simple -see Lemma 3.1) or are 2K 2 -free.
Moreover, in a connected gem-free graph, homogeneous sets are P 4 -free. The same holds for a co-connected co-gem-free graph. Throughout this paper, we occasionally switch between the (P 5 ,gem)-free graphs and their complements being the (house,co-gem)-free graphs. Note that homogeneous sets in G are homogeneous in the complement graph G as well and the complement of a prime graph is prime.
Subsequently, we need the following classes of (prime) graphs:
G is matched co-bipartite if its vertex set is partitionable into two cliques C 1 ; C 2 with jC 1 j = jC 2 j or jC 1 j = jC 2 j ? 1 such that the edges between C 1 and C 2 are a matching and at most one vertex in C 1 and C 2 is not covered by the matching. Then a straightforward case analysis (see Figure 5 ) according to the adjacency cases given in Claim 3.1 shows that in every case the vertex y together with a common neighbor x of y and D and three suitable vertices in D induce a P 5 (indicated by the boldface edges in Figure 5 ) which is impossible. Thus, no vertex in G has distance 2 to D. 2
Next we will show that in prime graphs, the adjacency cases (A 3 ) and (A 4 ) from Claim 3.1 (see Figure 4 ) are impossible. We consider all vertices having the same adjacency relation as the inner vertex 2 of the co-domino D with the other vertices 1; 3; : : :; 6 (labeling as in Figure  3 ). By symmetry, the arguments are the same for the other inner vertices 3, 4, 5 of D. (6) is a module and thus has size 1. show that in this case x and x 0 have the same neighborhoods in R. Assume that there is a vertex y 2 R with xy 2 E, x 0 y = 2 E. Then x 0 3xy4 is a P 5 -contradiction. This means that nonadjacent vertices in L have the same neighborhoods in R, but then the co-connected component in L containing x and x 0 is a homogeneous set contradicting the assumption that G is prime. Thus L and analogously R are cliques. 2 Claim 3.5 The edges between L and R form a matching.
Proof. Assume that x; x 0 2 L have a common neighbor y 2 R. Then, since fx; x 0 g is no homogeneous set, let x have another neighbor y 0 in R for which x 0 y 0 = 2 E. Then 3x 0 yy 0 x is a gem -contradiction. Thus the edges between L and R form a matching. From now on, we consider prime (2K 2 ,gem)-free graphs and, switching to the complement, prime (C 4 ,co-gem)-free graphs. Note that co-gem-free graphs contain no cycles C k , k 7.
4 Prime (C 4 ,co-gem)-free graphs containing C 6 We call a graph speci c if it is one of the three graphs in Figure 6 or one of its prime induced subgraphs.
Lemma 4.1 If G is a prime (C 4 ,co-gem)-free graph containing a C 6 then G is a speci c graph. Proof. Let G contain a C 6 C with vertices 1; 2; : : :; 6 and edges fi; i + 1g, i 2 f1; 2; : : :; 6g.
Subsequently in this section, all index arithmetic is done modulo 6. Since G is co-gem-free, C dominates G. A straightforward case analysis shows that there are only three admissible cases for a vertex being adjacent to C in a (C 4 ,co-gem)-free graph:
3-vertices with consecutive neighbors in C, 4-vertices with consecutive neighbors in C, and 6-vertices.
Claim 4.1 C has no 6-vertices. Proof. Every 6-vertex for C would be adjacent to all 3-and 4-vertices as well since G is C 4 -free. Thus, C has no 6-vertices since G is prime. 2 Claim 4.2 C has no 3-vertices.
Proof. Assume that C has a 3-vertex v with neighbors 6, 1 and 2. Let M 1 := N(2) \ N(6) \ N(3) \ N(4) \ N(5). Note that 1 2 M 1 . We claim that M 1 is a module which means that jM 1 j = 1. Assume not, i.e. there are x; y 2 M 1 , xy 2 E, and z = 2 M 1 f2; 3; 4; 5; 6g such that xz 2 E and yz = 2 E. Note that x and y together with f2; 3; 4; 5; 6g form a C 6 C x , C y respectively. Note that z is a (k + 1)-vertex for C x if and only if z is a k-vertex for C y . Thus, the only possibility is that z is a 3-vertex for C y and a 4-vertex for C x . If z is adjacent to 3 then also to 2 and if z is adjacent to 5 then also to 6 since G is C 4 -free. Moreover, z cannot be adjacent to both of 2 and 6 since otherwise 2y6z is a C 4 . Assume without loss of generality that the neighbors of z are 6; 5 and 4. Then yxz5 is a P 4 missing 3 i.e. yxz53 is a co-gem -contradiction. 2
Note that if G is C 5 -free then 4-vertices are impossible as well, and in this case, if G is containing a C 6 C then G = C and thus, G is speci c. . This shows that, up to symmetry, there are three possibilities for the existence of a maximal subset of fx 1 ; : : :; x 6 g described in Figure 6: 1. x 1 and x 4 exist; 2. x 1 , x 2 , x 3 exist; 3. x 1 , x 3 , x 5 exist.
All these possibilities are speci c graphs described in Figure 6 .
2
Note that there are speci c graphs without C 6 . However all speci c graphs are (house,cogem)-free.
From now on, G is a prime (C 4 ,C 6 ,co-gem)-free graph, i.e. the only possible chordless cycle in G is C 5 .
5 Prime (C 4 ,C 6 ,co-gem)-free graphs containing C 5
Lemma 5.1 Let G = (V; E) be a prime (C 4 ,C 6 ,co-gem)-free graph containing a C 5 . Then one of the following conditions holds:
(i) G is a speci c graph;
(ii) For every C 5 C = (1; 2; 3; 4; 5) in G, V has a partition into the vertex set f1; : : :; 5g of C, a clique U of 5-vertices for C and a cograph of 2-vertices for C being adjacent to the same vertices i; i + 1 2 f1; : : :; 5g of C. Corollary 5.1 Let G = (V; E) be a prime (2K 2 ,C 6 ,gem)-free graph containing a C 5 . Then one of the following conditions holds:
(i) G is a speci c graph; (ii) For every C 5 C = (1; 2; 3; 4; 5) in G, V has a partition into the vertex set f1; : : :; 5g of C, a stable set A of 0-vertices for C and a cograph B of 3-vertices for C being adjacent to the same vertices i; i + 2; i + 3 2 f1; : : :; 5g of C. Proof of Lemma 5.1. Let C be a C 5 in G with vertex set f1; : : :; 5g and edges fi; i + 1g, i 2 f1; : : :; 5g. Since G is co-gem-free, C dominates G. Thus, C has no 0-vertices. A straightforward case analysis shows that C has also no 1-and no 4-vertices, and the only 2-and 3-vertices have consecutive neighbors in C. Subsequently, all index arithmetic with respect to C is done modulo 5. For i 2 f1; : : :; 5g, let N i;i+1 denote the set of 2-vertices adjacent to i; i + 1, let Q i = fx : x = i or x is a 3-vertex adjacent to i ? 1; i; i + 1g, and let U denote the set of 5-vertices. Obviously, for all i 2 f1; : : :; 5g, Q i has a join to U since vertices from these sets are adjacent to the nonadjacent vertices i ? 1 and i + 1 and G is C 4 -free, and for the same reason, U and Q i are cliques and there are no edges between Q i and Q j for ji?jj > 1, i; j 2 f1; : : :; 5g since G is C 4 -free. Moreover, N i;i+1 fi; i + 1g are (C 4 -free) cographs since otherwise there would be a P 4 missing i + 3. We rst show that at most one of the sets N i;i+1 , i 2 f1; : : :; 5g, can be nonempty. Claim 5.1 If for some i 2 f1; : : :; 5g, N i;i+1 6 = ; then for all j 6 = i, j 2 f1; : : :; 5g, N j;j+1 = ; holds.
Proof. Assume that N 1;2 6 = ; and let a be a 2-vertex adjacent to 1 and 2. If there is a 2-vertex b with neighbors 2 and 3 then ab 2 E, otherwise a154 is a P 4 missing b but now ab3451 is a C 6 -contradiction. A similar argument holds for 2-vertices adjacent to 5,1. Now assume that b is a 2-vertex adjacent to 4 and 5. If ab 2 E then ab51 is a C 4 , and if ab = 2 E then a15b is a P 4 missing 3 -contradiction. A similar argument holds for 2-vertices adjacent to 3 and 4. Proof. Assume without loss of generality that there are nonedges x 2 x 3 = 2 E and x 0 3 x 4 = 2 E for x i 2 Q i , i 2 f2; 3; 4g and x 0 3 2 Q 3 . If x 3 = x 0 3 then x 2 15x 4 is a P 4 missing x 3 -contradiction. Assume now that x 2 and x 4 have no common nonneighbor in Q 3 . Then x 3 6 = x 0 3 and 1x 2 x 0 3 x 3 x 4 5 is a C 6 Claim 5.4 Let i 2 f1; : : :; 5g. If the edge set between Q i and Q i+1 is no join then C has no 2-and no 5-vertices, and jQ j j = 1 for j = 2 fi; i + 1g. Proof. We rst show that C has no 2-vertices. Assume without loss of generality that there is a nonedge x 1 x 2 = 2 E for x i 2 Q i , i 2 f1; 2g. This de nes C 5 's C x 1 with vertices x 1 ; 2; 3; 4; 5 and C x 2 with vertices 1; x 2 ; 3; 4; 5. First assume that a is a 2-vertex for C adjacent to 1 and 2. Then, since a is not a 1-vertex for C x 1 , ax 1 2 E, and since a is not a 1-vertex for C x 2 , ax 2 2 E but now x 1 ax 2 345 is a C 6 -contradiction. Thus N 1;2 = ;. Assume now that a is a 2-vertex for C adjacent to 5 and 1. Then, since a is not a 1-vertex for C x 1 , ax 1 2 E, and since ax 1 2x 2 is no P 4 missing 4, ax 2 2 E but now ax 1 2x 2 is a C 4 -contradiction. Thus N 5;1 = ;. With a similar argument one shows that N 2;3 = ;. Assume nally that a is a 2-vertex for C adjacent to 4 and 5. Then, since a43x 2 is no C 4 , ax 2 = 2 E, and since the P 4 a43x 2 is not missing x 1 , ax 1 2 E but now 1x 2 34ax 1 is a C 6 -contradiction. Thus N 4;5 = ;. With a similar argument one shows that N 3;4 = ;. Now, C has no 2-vertices. Since u has a join to each Q i , 5-vertices are universal. Thus, since G is prime, C has no 5-vertices. Note that Q 3 , Q 4 and Q 5 are modules since only the edge set between Q 1 and Q 2 is not a join; thus, jQ j j = 1 for j 2 f3; 4; 5g. 2
Since G is C 4 -free, Q 1 Q 2 induces a co-bipartite chain graph. If jQ 1 j 3 or jQ 2 j 3 then Q 1 Q 2 contains a P 4 which, together with the vertex 4 of C it would induce a co-gem in G. Thus, jQ 1 j 2 and jQ 2 j 2, and it is easy to see that in this case, G is a speci c graph of the third type in Figure 6 .
From now on, assume that for all i 2 f1; : : :; 5g, Q i has a join to Q i+1 . Assume rst that at least one of the sets Q i , i 2 f1; : : :; 5g, has more than one vertex. This requires that one of the 2-vertex sets, say N 5;1 , is nonempty. with neighbor x 2 Q 2 and nonneighbor x 0 2 Q 2 and b 2 D 4 with neighbor y 2 Q 4 and nonneighbor y 0 2 Q 4 . Since a 2 D 2 , a has a co-join to Q 4 , and now ax3y 0 5 is a C 5 . Since b 2 D 4 , b has a co-join to Q 2 . Since b is not a 1-vertex for the C 5 ax3y 0 5, ab 2 E but now the P 4 x 0 xab is missing y 0 -contradiction. Thus at most one of the sets D 2 , D 4 is nonempty, and (ii) follows.
From now on, assume that for at most one i 2 f1; : : :; 5g, jQ i j > 1, say jQ j j = 1 for j 2 f1; 3; 4; 5g. Claim 5.6 If jQ 2 j > 1 then U = ;. Proof. Assume that jQ 2 j > 1 and U 6 = ;. Then, since Q 2 is no homogeneous set, there are x; y 2 Q 2 and a 2 N 5;1 such that ax 2 E and ay = 2 E. Let u 2 U. Since axu5 is no C 4 , au 2 E. Since u is not a universal vertex in G, there is a 0 2 N 5;1 such that a 0 u = 2 E; in particular, a 6 = a 0 holds. Since xu5a 0 is no C 4 , a 0 x = 2 E, and since yu5a 0 is no C 4 , a 0 y = 2 E. Since a 0 axy is no P 4 missing 4, a 0 a = 2 E holds but now ax34 is a P 4 missing a 0 -contradiction. From now on, assume that for any C 5 C in G with vertex set f1; : : :; 5g and edges fi; i + 1g, i 2 f1; : : :; 5g, jQ i j = 1 for all i 2 f1; : : :; 5g holds. Then, if one of the 2-vertex sets is nonempty, G corresponds to Case (ii) in Lemma 5.1. Finally, if C has no 2-vertices then C has no 5-vertices as well, and G is a C 5 . 2 Clearly co-chordal gem-free graphs are a subclass of (P 5 ,gem)-free graphs. In fact every (C 4 ,C 6 ,co-gem)-free graph without a C 5 is chordal, and thus co-chordal gem-free graphs are a subclass of (2K 2 ,C 6 ,gem)-free graphs. Their structure is described in more detail in 1], and based on this structure, it is shown in 1] that the clique-width of co-chordal gem-free graphs is at most 4. From the list of all minimal forbidden subgraphs for interval graphs given by Lekkerkerker and Boland in 12] (see Figure 8 ) it easily follows that a chordal co-gem-free graph G is either an interval graph or contains a 3-sun. Except the cycles C 4 , C 5 , C 6 and the 3-sun, all other forbidden subgraphs in Figure 8 contain a co-gem. Note that the other direction of Lemma 6.1 does not hold as the example of extending an end-vertex of a P 3 shows: the P 3 P = (v; b; a) is not prime but ext(P; v) is prime. Now, based on the operation ext(G; v), we de ne the following graph classes C k , k 0, k being the number of C 5 's contained in a graph G 2 C k . for k 0, let C k be the class of prime graphs G 0 = ext(G; Q) resulting from a (not necessarily prime) co-chordal gem-free graph G by extending a clique Q of exactly k co-simplicial vertices of G.
Thus, C 0 is the class of prime co-chordal gem-free graphs. Lemma 6.2 Let G be a co-chordal gem-free graph and let Q be a clique of k co-simplicial vertices in G. Then Claim 3. G 0 is C 6 -free.
Assume that G 0 contains a C 6 H with vertices a; b; c; d; e; f. Again, since G is C 6 -free, H contains either one of the degree 2 vertices x 1 ; x 3 or at least two of the vertices x 2 ; x 4 ; x 5 . Note rst that the degree 2 vertices x 1 and x 3 are impossible in H. If x 2 is in H then H contains at least one of x 4 ; x 5 . Now, if H contains only one of them, say x 4 , then H contains a vertex distinguishing x 2 and x 4 , and if H contains both of them then H contains a vertex distinguishing x 4 and x 5 -contradiction.
It is easy to see that G 0 = ext(G; Q) contains exactly k vertex-disjoint C 5 's having the partition property of Corollary 5.1 (ii). 2 Proof. 1. =): If the graph G is connected and gem-free then obviously the homogeneous sets are P 4 -free. Moreover, due to Lemma 3.1, if G contains a 2K 2 then G is a matched co-bipartite graph. Due to Lemma 4.1, if G is (C 4 ,co-gem)-free containing a C 6 then it is a speci c graph. Due to Lemma 5.1 and 6.4, if G is (C 4 ,C 6 ,co-gem)-free containing a C 5 then it ful lls condition (2.2) or (2.3). In the nal case, G is a co-gem-free chordal graph and thus G ful lls (2.3).
(=:
Assume now that the homogeneous sets of G are cographs, and G is of one of the types (2.1), (2.2), (2.3). In case (2.1) the graph G is (P 5 ,gem)-free by Lemma 3.1. In case (2.2) each of the graphs in Figure 6 is (house,co-gem)-free, and thus each complement of a speci c graph is (P 5 ,gem)-free. In case (2.3), Lemma 6.4 implies that each prime graph G 2 S 1 k=0 C k is (2K 2 ,C 6 ,gem)-free, and thus it is (P 5 ,gem)-free. Thus it remains to show that by substituting vertices by cographs, no P 5 or gem is created. To this purpose we need the fact that for a homogeneous set H and a P 4 abcd, at most one of the vertices a; b; c; d is in H. Now assume that G contains a P 5 . This means that after shrinking H to one vertex, the P 5 in G is still a P 5 in G -contradiction. Analogously, a contradiction is obtained if G contains a gem. This means that G is indeed (P 5 ,gem)-free. 2
In 1], it is shown that the clique-width of co-chordal gem-free graphs is at most 4. Now, based on Theorem 1, it is not hard to show that the clique-width of (P 5 ,gem)-free graphs is at most 5.
